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1. Introduction. The purpose of this paper is to study a natural conjugate
function for a function with a Laguerre polynomial expansion. Theorems similar
to the well-known ones for conjugate Fourier expansions and theorems in [2] and
[4] for Gegenbauer and Hermite expansions are proved. As in the other cases, it is
proved that the mapping from a function to its conjugate function or its conjugate
Poisson integral is a bounded operator in L? with the appropriate measure for
1<p<oo. The conjugate Poisson integral converges in L? norm and pointwise
almost everywhere to the conjugate function. Substitute results for the case of L*
are also proved. This leads to the possibility of an H? theory for Laguerre expan-
sions and analogues of the other theorems concerning the classical conjugate
function.

If f(y) is in L}(e~¥y*) on (0, o0) and «> —1, the Poisson integral defined in [3]
will be used and in §2 a definition of the conjugate Poisson integral, f(x, y), will be
given for x >0. Notation and estimates are given in §2 that are needed in the other
sections.

In §3 the existence of f(x, y) for any f(y) in L*(e~¥y%) is proved. If f(y) has
Laguerre expansion > a,L%(y), then, as shown in [2], for each x>0, f(x, y) has
Laguerre expansion Y a, exp (—x+4/n)L(y). In §3, f(x, y)/+/y is shown to have
Laguerre expansion

» —a, exp (=xv/n)L311(y)
Vn
As in [2] and [3], defining f(x, y) to be 4/y times the sum of this series would have
been unsatisfactory since the series may diverge for all y for some x>0 and f(y)
in L?(e~¥y%), 1=Sp<2.
It was shown in [3] that for x>0

(1.1) 82fa(§2y)+ y—a ay [e ya+1 af(x’ y)] = 0
It is shown in §3 that
12) ZRED 4 (v (e L ey ) =
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and that the analogues of the Cauchy Riemann equations

(1.3 Lo py-e 2 emsyer i, )
and
(1.4) Yxy) _ —19(x )

oy Wy ox
are valid for x> 0. Equation (1.4) can also be written in the form
(1_5) %y’y) = —e"y‘“‘l % [e—yya+1/2f‘(x, y)]
Because of (1.3) and (1.5), it might seem more natural to define e~¥y**1/2f(x, y)
as the conjugate integral. Since the norm inequalities are true for f(x, y), however,
it is the conjugate integral that will be used.

In §4 a lemma about the conjugate Poisson kernel is stated so that general
theorems proved in [2] and [3] can be applied to this case. Unfortunately, the
expressions that arise present considerable technical difficulty since they are
complicated and include Bessel functions. The principal term that arises is, how-
ever, almost the same as the kernel considered in [2] for the Hermite case. This is
the hardest part to estimate and use can be made of the results in [2]. The other
terms are numerous; a description of how they can all be estimated is given in §§5,
6 and 7.

Finally in §8 the lemma is used to show that f(x, y) is dominated by a Hardy
max function plus a sup of singular integrals. This is then used to prove the various
norm and convergence properties in the same way as that was done in [2]. The
conjugate function, f(y), is defined as lim,_.o+ f(x, ) and facts about it are proved.

2. Definitions and notation. It will be assumed throughout this paper that « is
a fixed number greater than — 1, that y and z are nonnegative and 0<r<1. C will
denote a constant depending only on « but not necessarily the same at each occur-
rence. If f(y) is in LY(e~¥y®) on (0, o0), the Poisson integral, f(x, y), will be defined
as it was in (4.21) of [3] as

@1 f9) = [ Bz ds
where

—r(y+2)\, (24/(ryz)

e (YD)
2.2) P= fo U(x,r) A=) ryz)*? dr,
and
x2

xexp (————

2.3) Ulx, r) = (4 log ’)

and I,(x)=i"*J,(ix) is the usual Bessel function of an imaginary argument.
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Using (5.1.15), p. 101 of [6] shows that
2 rLOLE .

(2.4) P = f: Ux, r )nZ) Ia +1)(n+a)

in fact (2.2) was originally obtained from this. Formula (4.20) of [3] is
1

@.5) f UGx, )rt dr = exp (—x4/n).
0

Now, (7.6.11), p. 176 of [6] shows that for a fixed C>0
(2.6) Li(x) = O(n**+11%), 0<x=C_C

Because of (2.5), (2.6) and the dominated convergence theorem, the summation
and integration can be interchanged in (2.4). This and (2.5) then gives

& exp (—x+/n)L%( L“(z
S (")
The following facts about I, will be used. From [7, p. 77]
(2.8) - L(2) = 32T+ 1)+0(z**%), 0<z=21,
and from [7, p. 203],

x> 0.

— ez ;1
2.9 1(z) = ) N+0z"Y, 1=z
To estimate I;(z), use is made of the fact, [7, p. 79 (2)], that

1(2) = 3Iu-1(2) +11+1(2)].
Combining this with (2.8) and (2.9) then shows that

(2.10) L(2) = (32)* 72T () + O(z* ), 0<z=Z1,
and
(2.11) I(2) = 2 [1+0(z"Y)], 1=z

V/(2n2) (2

To make the conjugate Poisson integral, f(x, y), satisfy (1.4), it is clear that it
should be defined by

@.12) Fx,9) = [ af@esz e

where

x2 —r(y+2)\, (2V(ryz)
ey a=v[ 2 [ c “:%{lffif_li,;:m)z;'.,(m )}
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Expression (2.13) is obtained from (2.2) by differentiating with respect to y,
integrating with respect to x, formally interchanging operations, using the fact
obtained from (1.3) that g should approach 0 when x approaches oo, and multi-
plying by —+/y. The existence of the integral in (2.12) and the fact that f(x, y)
satisfies (1.4) are not obvious; these questions will be treated in §3.

The following definitions will be useful in the discussion of g:

__v/a-n X2
(2.14) w= wi24/(—logr) exp (4 log r)’

)

2.15) s={Y) 3y (L —r)°%(ryz)*
and
(2.17) v b(vz—+/(ry))

= 2"1/2(1 — r)Z(\/r)(yz)alz ¥1/4

When b is estimated the following alternate forms will be used:

(2.18) b = e¥ exp (—(vy—+/(r2))*/(1-r))
and
(2.19) b = e*exp (—(vz—+/(ry))?/(1=r)).

Finally, define d as the value of r in (0, 1) for which 24/(ryz)/(1—-r)=1.

Since 24/(ryz)/(1—r) is monotone increasing in r for 0<r<1, d is greater than
a value of r that makes 24/(ryz)/(1—r)<1 and less than a value of r that makes
24/(ryz)/(1—r)> 1. This gives easily the facts that

(2.20) 1/8yz < d < 1/4yz, yz = 3/4
and
(2.21) max (1/8, 1 —-24/(y2)) < d < 1-34/(y2)/4, 0 < yz £ 5/4.

The value of d is needed since the argument of the Bessel function in g is 24/(ryz)/
(1—r), and the estimates to be used for the Bessel function depends on whether
the argument is greater or less than 1.

With the given notation the kernel g can be written as

1
(2.22) q= J. ws dr.

0
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Performing the differentiation in the definition of s and using (2.8)-(2.11) now

shows that
(«/y) op (D)
(2.23) s = — 0(1+1_r), 0O<rsd
and
b0(—-+ =)
(2.24) s = orma-uy Vi V) dsr<l.

=Ny

3. Simpler facts about the conjugate Poisson integral. These are stated in the
following theorem.

THEOREM 1. For a fixed y>0, a> —1 and a>0, |q| is bounded for z>0 and x 2 a.
If f() is in LY(e~¥y®) on [0, 0), then f(x, y) exists for every positive x and y and
(1.2)-(1.4) are valid. If f(y) has Laguerre expansion Y a,L%(y), then for each x>0,
f(x, ¥)[+/y has the Laguerre expansion

(3.1) 2 —a, exp(—j;/n)L:ti(y)

If 1=p<2, there exists an f(y) in L?(e~¥y*) such that for some positive x (3.1)
diverges for every y. If x>0 and f(y) is in L*(e~¥y%), then (3.1) converges to
f(x, y)|\/y for almost every y.

This will be proved in the order that it is stated. Using (2.23) and (2.24) in (2.22)
expresses ¢ as the sum of an integral from 0 to d and one from d to 1. In the first of
these integrals use the fact that exp (—rz/(1—r))=<1; in the second use (2.18) and
the facts that 1/z—+/(ry) = v/z++/(ry) and 1/4/(ryz) £2/(1 —r). Then using the fact
that (1 —r)/—log r<1 shows that |g| is bounded by a constant times the sum of

6w [ amn-eon (i) e (£2) exw (75) @

and

—(Vy—+/(rz))? x2
(.3) , [rEEVED e (‘?) P (4 log r) d
' ¢ fo \/r(l — r)2(ryz)"‘/2 ¥1/2 r.

By considering separately 0<r<% and 1<r<1 and replacing —logr by a
suitable multiple of ] —r in the second case, it is clear that for a fixed k>0

(3.9 exp (x%/4logr) <= C(1—r)*(1+x~2%¥),
Using (3.4) with k=2 shows that |g| is bounded by C(1 +x~*) times the sum of

(3.5 o [ a=nema(ie ) exp (£2) ar
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and

coxp (ZO2ZVED) ()
3.8) ¢, WDy

Since 1+x~* is bounded for x2a, proving that (3.5) and (3.6) have bounds
independent of z will complete the proof of the first assertion in Theorem 1.

To treat (3.5) use (2.20). If yz=1, d<1/4yz and (3.5) has a bound independent
of z. If yz<1, then z< 1]y and the integrand has a bound independent of z.

To estimate (3.6) several cases will be considered. If yz=1 and z <4y, there is a
bound for (3.6) independent of z since the integrand is a continuous function and z
lies in the compact interval [4y, 1]y]. If yz=1 and z >4y, (2.20) shows that (3.6)
is bounded by

dr.

ev

4y/z
f 21y dr
1/8yz

1 —rz/22\/2
v _— V=
e Lm (ryz)*2* M/ r dr.

Both of these integrals are easily seen to have bounds independent of z by making
the substitution rz=u. If 1/16<yz=<1 or if yz<1/16 and z= 1y, there is a bound
for (3.6) independent of z by continuity. Finally if yz<1/16 and z<%y, (2.21)
shows that (3.6) is bounded by

Ce¥ fl b (2(1—__yr)) v dr

1-2v2) (yz)si2+1is

Replacing r by the lower limit of integration, it is clear that the integrand is bounded
for 0<z<}y.

The existence of f(x, y) for x>0 follows immediately from the boundedness just
proved for q.

To prove that the differential equations (1.2)—(1.4) are valid, it is first necessary
to show that the kernels oP/ox, 0P/oy, dq|ox, 0q/oy, 0%q/ox? and 0%q/oy? can be
obtained from the definitions of P and ¢, (2.2) and (2.13), by differentiating under
the integral sign. In a suitable neighborhood of any positive x, y and z the differen-
tiated integrands are all bounded by C/r(1 —log r)®?2; this can be shown easily by
using (2.8)-(2.11) and the equation given for I;(z). This justifies the differentiation
under the integral sign. Following the procedure just used on g with a few changes
in the details, all the kernels mentioned above can be shown to be bounded in z
for a fixed y and O<a=<x=<a~!. This justifies the computation of the various
derivatives needed in (1.2)—(1.4) by differentiating under the integral sign in the
definitions of f(x, y) and f(x, ), (2.1) and (2.12). The equalities (1.2)-(1.4) then
follow from the fact that the kernels that arise are the same. In the case of (1.4)
the equality of the kernels is immediate; for (1.2) and (1.3) an integration by parts
must be performed to make this apparent.
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Starting with (2.7) and using (2.6) to justify the interchange of operations, it is
clear that

3.7 = i —exp (= xvn)(VYLEi()LHz)

n=0 n+a
(\/n)F(a+l)( ' )
and
(3.8) [T amsioreym dy = —(vny exp (- xvmLiGa)
for x>0.

To prove that (3.1) is the Laguerre expansion of f(x, y)/4/y, (3.8) and Fubini’s
theorem will be used. To justify the use of Fubini’s theorem, first, the estimate

(3.9) on y* exp [M] dy £ C+Cz%*?
(1 -n?arz 1—r
will be proved for a fixed a> — 1. If z< 1, replacing the lower limit of integration
by 0 and the exponential term by exp [1 —(4/(¥)—1)?], shows that the left side of
(3.9) is bounded by a constant. If z=1 and r<1/6z, then (1 —r)2/4rz>4rz so that
the exponential can be replaced by e~¥/*. The lower limit can then be replaced by
0 and the resulting integral is bounded. If z=1 and r = 1/6z, the integral is bounded
by the sum of integrals of the same integrand over [0, 6rz] and [6rz, ). In the
first of these replace the exponential by 1; in the second replace it by e~¥/%. Both
parts then are bounded by Cz®*?!, This completes the proof of (3.9).
Next, it will be shown that for a fixed »n that

(3.10) f lge=vy<+12LEF1(p)| dy < C(1+26)(1+x70).
0

To prove this, majorize |[L$**(y)| by Cy"+ C and |g| by the sum of (3.2) and (3.3).
Replacing the upper limit of (3.2) by 1 and inverting the order of integration, the
estimate (3.10) follows easily for this part. The part contributed by (3.3) is estimated
by reversing the order of integration, replacing the ryz term by (1—r)% if «> —%
and using (3.9).

Now if f(z) has a Laguerre expansion, f(z)e~?z*** is integrable on [0, ) for
every nonnegative integer k. An inspection of (3.10) then shows that

le=2z%f(z)ge~vy** Y2Le £ 1(y)|

is integrable as a function of y and z if x>0. This allows the use of Fubini’s
theorem and (3.8) to obtain

@3.11) f:f(x, Ve e VALLE () dy =

n" exp (—xv/n)(a+ 2)(;-1-:—(;)

provided that x >0. This is equivalent to the statement that (3.1) is the Laguerre
expansion of f(x, y)/4/y for x>0.
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The last two assertions are proved in the same way that the corresponding
statements in [3, Lemma 4] were proved.

4. A basic lemma. The norm inequalities and the convergence theorems for
f(x, y) depend upon the following lemma.

LEMMA. For every x=0, q can be written as the sum of two functions, j(x, y, z)
and k(x, y, z)e’z ¢, with the following properties. The function |j(x, y, z)| is bounded
by a constant times a function, n(y, z), that is independent of x, is monotone increasing
in z for z < y and is monotone decreasing in z for z > y. Furthermore, j: e *z°n(y,z)dz
has a bound independent of y. The function k(x, y,z)=0 if |y—z|Zmin (4, 1y),
k(x,y,y+h)=—k(x,y,y—h) and (y—2z)k(x, y, z) (defined as O for y=z) asa
Sfunction of z has total variation bounded by a constant independent of x and y.

Let K(x, y, z) be the odd part of the conjugate Poisson kernel for Hermite
expansions for z near y as defined in (3.15) of [2]. Let M denote min (1y, 1). Then
define the function k as

K@, v/y, v/2)

k(x,y,z)=—2w——-— y—-M<z<y,
@1 e P
= 0’ ]y—Z' 2 M.

That k has the first two properties asserted in the lemma is immediate. To prove
the third, observe that for y— M <z<y,

(= yk(x, 3, 2) = ‘/§+;/y (Vy= VDG, vy, V7).

For this range of z (1/z+4/y)/24/y is uniformly bounded and has uniformly
bounded variation by inspection. The term (1/y—+/2)K(3x, /¥, 1/z) is uniformly
bounded and has uniformly bounded variation since, as shown in §6 of [2],
(y—2)K(x, y, z) has these properties. Therefore, (z—y)k(x, y, z) has uniformly
bounded variation for z<y and by symmetry it has uniformly bounded variation
for all z.

The function j(x, y, z) must then be defined to be g—e*z~%k(x, y, z). It will be
shown in §§5, 6 and 7 that if the constant C is properly chosen, then [j(x, y, z)|
= Cn(y, z) for x=0 where for 0<y=1

n(y,z) =y %, 0<z= 3y,
=y *log(y/|ly—z|), 3y/4 <z = 5y/4,
4.2) = (Vy)z7e83, 514 <z £2,

= (Vy)27*7% 2<z
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and for y>1
n(y,z) = l—, 0 < z < min (a+2 3_y)’
$2 = Vy@ataFT = ax
e 3y
= W’ a+2 <2z é —4'3
I y ) 3y _
4.3) = yeei 1+8(y—z)3/2 > 7 <2 <y-3%
= ey *(l-log|y—z|), y-%<zsy+}
= e¥y~e, y+i<z

It is easy to verify that n(y, z) has the asserted properties since e?z~%~1/2is monotone
increasing for z=Za+14.

All that remains to prove in the lemma is the inequality |j(x, y, z)| £ Cn(y, 2).
Since k(x, y, z) is zero for |y—z| =1y, this can be done by proving the following
three inequalities:

4.4) lg| < Cn(y,2), |y—z| 2 %y,

1
5 o= [ woar| s cava,  1y-ol < b,
0

(4'6) S Cn(y’ Z), |y~z| < i'y°

1
f wo dr—k(x, y, z)e*z~“
/]

These inequalities will be proved in §§5, 6 and 7 respectively.

5. Proof of (4.4). Using (2.22) and the fact that |w(x, r)| =1, it is sufficient to
prove that

1
I |s| dr £ Cn(y,z) for|y—z| = }y.
V]

To use the estimates (2.23) and (2.24) it is necessary to prove separately the
inequalities

d
RV [s1ars v, y-dz
and

1
5:2) [1s1ars iz, 1y-al 2 .

To prove (5.1), use (2.23). If y>1 and z> 1, use (2.20), the fact obtained from
(2.20) that r <} and the fact that the exponential is bounded by 1, to show that the
integral is bounded by Cy~1/2, Otherwise, make the substitution u=(y+z)/(1—r)
and then change the upper limit to co. If y+z2 1, use the fact that for x21

¢.3) f ® wle~* du < Cxoe~*

x
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where C depends only on a. This shows that the integral is bounded by
C(Vy)1+2)[(y+2)

in this case. If y+2z <1, the integral is easily seen to be bounded by

Cvyl(y+z)**32,

In all of these cases (5.1) is true.
To prove (5.2), observe by use of (2.24) and (2.17) that for |y—z|=%y and
r=d,

Ch 1— 1—
N s e LRV GO

Four cases will be considered in proving (5.2): case A, yz>1, z<3y/4; case B,
yz>1, z=25y/4; case C, yz<1, z=<3y/4; case D, yz<1, z=5y/4. For case A the
integral in (5.2) will be split into integrals over the intersection of [d, 1] with
[0, z/2y), [2/2y, 5z/4y], [5z/4y, 15/16] and [15/16, 1]. For case B the integral will be
split into integrals over the intersection of [d, 1] with [0, y/2z], [y/2z, 6y/5z],
[6y/5z, 24/25] and [24/25, 1]. For cases C and D the integral will not be split.
These ten integrals to be considered will be called integrals 1 to 10 respectively.

For each of these ten integrals (5.4) will be used. Expressions that majorize the
variable terms on the right side of (5.4) will now be given to replace those terms
and make the ten integrals simple to estimate. The exponential of the following
quantities will be used respectively as estimates for b in the ten integrals:

)2
Z“"CZ, Z—M’ Z—C"y, Z_ﬂ, y_Cy,
z 1—r
Cz Cy Cz
¥, y—Crz, y-1=y C——m and C—l—_r~

The first eight of these are easily obtained from (2.18) or (2.19). The ninth is
obvious if r>.9 or y>5, and the C’s can be adjusted to make it true if r<.9 and
y=5. The tenth is like the ninth. Replace the long expression in brackets in (5.4)
by C+4/y in integrals 4 and 9, by (C|z—ry|+ C)/+4/z in 2, by C+/(ry) in 3 and by
C+/z in the rest. For these and the next set of estimates considerable use is made of
the fact that r = d so that 24/(ryz)/(1—r) = 1. Replace the ryz term in the denomina-
tor by Cz2in 2, by Cyz in 9 and 10, by Cy? in 6 and by C in the others. Leave the
1 —r term unchanged in integrals 4, 8, 9 and 10 and replace it by C in the others.

By performing the integrations and considering appropriate cases, integrals 1, 4,
5,7, 8,9 and 10 are seen to be bounded by Cn(y, z). If integral 2 has a nonempty
interval of integration, d < 5z/4y, and (2.20) shows that z is bounded below. Making
the substitution u=|z—ry|/4/z and using (5.3) will give the estimate for integral 2.
For integral 3, note that by (2.20) the lower limit is greater than 1/8yz if z is small,
substitute u=ry and use (5.3). For integral 6, y is bounded below as z was in 2.
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With these suggestions it is easy to complete the proof of (5.2) and, therefore, of
4.4).

6. Proof of (4.5). The approach here is similar to that in §5. Again, since
[w(x, r)| £1, it is sufficient to prove that [; |s—v| dr<Cn(y, z) for |y—z| <3}y
The difference between (2.23) and (2.24) requires that the integral be split up and
the form of (2.24) requires that the second part be rewritten. Consequently, (4.5)
will be proved by proving that for [y—z| <1y

d
6.1 [asi+tehar < onr 2
V]
and
1
(6.2) f (|s—vor-9/2-11%| 4 |o| [r-2-14_ 1]y dr < Cn(y, ).
a

To prove (6.1), observe that the proof of (5.1) is valid for the first part of (6.1).
This reduces the proof of (6.1) to the proof that

d
6.3) [(wlar s ona,  1y=zl < b

If y>1, use (2.17), replace b by e* if z<y or by e¥ if z>y, replace 1/z—+/(ry) by
C+/y and 1—r by C. Using the fact that yz > 3/4, (2.20) shows that d<1/4yz and
the left side of (6.3) is bounded by Cy~*~le* if z<y and by Cy~*~te¥ if z>y.
This is sufficient to prove (6.3) for y>1. If y<1, replace b by 1 and v/z—+/(ry)
by C+/y. Since yz<5/4, (2.21) shows that d<1—34/(yz)/4 and the integral is
easily seen to be less than Cy~%~1. This completes the proof of (6.3) and, therefore,
of (6.1).

Making use of the fact that for a fixed a|l1—r?| < C(1 +r®)(1—r), the fact that
|y—z| <1y, (2.17) and (2.24), the integrand in (6.2) is found to be bounded by

(6.4) Chyl(ry) =2 +(1 472+ 14 /2 /(1ry)]
B (1 _r)(ryz)alz +3/4

Three cases will be considered in proving (6.2): case A, y>1, 3y/d<z<y;
case B, y>1, y<z<5y/4; case C, y= 1. For case A the integral in (6.2) will be split
into integrals over

4,13, [13,Bz—y)2y),  [Bz—y)2y,(y+2)/2y] and [(y+2)/2y,1].

For case B the integral will be split into integrals over [d, }], [, By—2)/2z],
[By—2)/2z, (y+2)/2z], and [(y+2z)/2z, 1]. For case C the integral will not be split.
These nine integrals to be considered will be called integrals 1 to 9 respectively.
As in the proof of (5.2), replacements for the various terms in (6.4) will be given
for each of these integrals.
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The replacements for b are not quite so obvious in this case as they were in the
proof of (5.2). For the first four integrals use the fact obtained from (2.19) that
bserexp (—C(z—ry)?/y(1—r)). Now z—ry=(z—y)+y(1—r). In the first and
second integrals y(1—r)=3|z—y|/2 so that (z—ry)®?= Cy*(1—r)? while in the
fourth integral |z—y|=2y(1—r) and (z—ry)®2 C(y—z)®. Therefore, b can be
replaced by the exponential of z—Cy, z—Cy(1—r) and z— C(y—z)*/y(1—r) in
the first, second and fourth integrals respectively. For the third, since y—z=
2y(1—r)/3, b can be replaced by e? exp (— C(z—ry)?/(y —z)). The same reasoning
permits the replacement of b in the fifth through eighth integrals respectively by
the exponential of y— Cz, y—Cz(1—r), y and y— C(z—y)?/z(1 —r). For the ninth
integral replace b by exp (C—C(y—2z)?/y(1—r)); if y(1—r)<2|y—z|, this follows
from the previous reasoning, while if y(1—r)=2|y—z|, adjusting the first C will
make it valid.

The term in brackets in the numerator of (6.4) can be replaced in the integrals
respectively by C times

yRyme yTRy(1—r), y U +|z—ry]), yTHH(1+y-2),
yretyTe, pTE4yi(1-r), Y%,y V(1+z-y) and y U2

The term ryz in the denominator of (6.4) should be replaced by C for the first and
fifth integrals and by Cy? for the rest. Furthermore, 1 —r should be replaced by C
in the first and fifth integrals and by C|y—z|/y in the third and seventh integrals.
For those integrals that have a variable exponential term let that exponent be the
new variable in a change of variables. With this it is easy to show that all nine
integrals are bounded by Cn(y, z). This completes the proof of (4.5).

7. Proof of (4.6). By making the change of variable r=s2 it is immediate that

(7.1) J: wo dr = $0(3x, Vy, Vz)(yz)~*2-14

where Q is the conjugate Poisson kernel for Hermite polynomials defined in (3.5)
of [2]. Following the notation of [2] with J(x, y, z)= Q(x, y, z) — K(x, y, z)e** and
using (7.1), the left side of (4.6) is seen to be bounded by the sum of

(7.2) HIGx, vy, V2)|(ypz) =421,

(7.3) 3 KGx, vy, Vz)|e*|(pz) =2t —z ey 12|
and

(7.4) 14y~ Y2K(x, vy, V2)—k(x, y, 2) ez~

Proving that each of these is bounded by Cn(y, z) for |y—z| <}y will complete
the proof of (4.6).

That (7.2) is bounded by Cn(y, z) for |y—z| <}y is immediate from the fact
that J(x, y, z) is bounded by the function L(y, z) defined in (3.13) and (3.14) of [2].
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By Lemma 4 of [2], (z—y)K(x, y, z) has uniformly bounded variation. Therefore,

(1.5) |K(x, , 2)| = Cllz—y].
Consequently,
(7.6) 1y 2KGx, vy, V2| £ Cllz—yl,  ly—z] < 3.

Now the expression, |(yz)~%2-14—z=*y=1/2| in(7.3)is bounded by C|y —z|y~*~3/2
for |y—z| <}y. Combining this fact with (7.6) shows that (7.3) is bounded by
e*y~*~1 for |4/y—+/z| <min (1, y~2) and is zero elsewhere. This is sufficient to
conclude that (7.3) is also bounded by Cn(y, z).

To treat (7.4) it is necessary to obtain several preliminary estimates. The first of
these is the fact that

~ ly—z| (—(ty—Z)z) c
.7 eXp \—1 72 < =7

for |y—z|<1/y and 0=<¢=<1. Using the fact that ue~*<1 for u positive, the left
side of (7.7) is bounded by |y—z|/(ty —z)2. If zZ y this is sufficient for the proof.
If z<y and #>(y+2z)/2y, this expression is also sufficient for the proof since for
this case (ty—z)>34(y—z). If z<y and t=<(y+2z)/2y, then |y—z|/(1—t2)<y, and
this is sufficient.

The next inequality needed is

.2 - -2?1| < L — i -1
(7'8) az [(y Z)Q(x’ y, z)e ] = Iy_zl’ [y ZI < min (19y )'
By §6 of [2], the left side of (7.8) is bounded by expression (6.5) of [2]. The first
term of (6.5) of [2] clearly satisfies the desired inequality and the integral term does
also by use of Lemma 6 of [2] and (7.7).
Using (7.8) and the definition of K,

09 |Zlo-DKan| S5 Iyl <min(Ly.

Combining this with (7.5) then gives
(7'10) IKs(x’ Vs Z)l = C/(y—z)zs ly_zl < min (la y_l)-

Now the proof of (7.4) is simple. If 3<|y—z| <4y, KGx, v/, V/2) is 0 since
[+/y—4/z] >min (1, y~*/2) and k is O since | y—z|>min (4, ). Therefore, (7.4) is
bounded by Cn(y, z) in this case. If $<|y—z| <3, k is 0, and using (7.6) it is again
clear that (7.4) is bounded by Cn(y, z). If y—min (4, }y)<z<y, then by the
definition of k, (7.4) is zero. If y<z<y+min (4, 1»), then the definition of k and
the fact that K(x, y, z)= — K(x, y, 2y —z) show that (7.4) is equal to

(7.11) Yz 1B KX, vy, V2)—K(3x, /9, 20y = /(2y—2))|.
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It is easy to verify that |y—z| <min (4, }y) implies that |4/z—+/y| and
Qvy—v@2y—2)— vy

are less than min (1, y~%/2). Consequently, the law of the mean can be applied to
(7.11) using the estimate (7.10) for the derivative. Now

2Wy—+'z)
This shows that the value of K3(3x, 4/y, v/z) can be used in estimating (7.11)
since 4/z is less than 24/y—+4/(2y—z). Furthermore, the right side of (7.12) is
easily seen to be bounded by C(y—z)%y~?2. Combining all these facts shows that
(7.11) is bounded by Ce?y~%~! for y<z<y+min (4, 1y). This completes the proof
that (7.4) is bounded by Cn(y, z), and, therefore, completes the proof of (4.6).

8. Conjugate function theorems. The principal results concerning the conjugate
Poisson integral, f(x, y), and its limit as x — 0*, f(y), can now be stated.

THEOREM 2. Let f(y) be in L*(e~¥y%), > —1, on [0, ), and for a fixed y let M
denote min (4, }y). Define

Y f(@)]e 2% dz

* =
@D 0 =

and let E,;={y|sup.», | f(x, y)| >a}. Then there exists a constant, C, independent of
[ such that

@ |fxy) < c( sup

[ fo=ay,
Bslzisy 2

+f*(y)) for x > 0,

0<B<y<M
C
(b) [ ez s Sl
Eq
() lir;'n+ f(x, y) = f(p) exists for almost every y,
(d) lirgm f(2)q(0, y, z2)e~*z* dz exists for almost every y,
e=0* Jijy—-zi>¢

(e) the limits in (c) and (d) are equal for almost every y.

THEOREM 3. Let f(y) be in LP(e~¥y*), 1<p<o, a>—1 on [0, ). Let x be
greater than 0 and let P(x, y, z) be the Poisson kernel defined in (2.2). Then there
exists constants, A,, depending only on p such that

@ o dim e ) =f0)ls =0,
() 17> < 45171

(©) fx, y) = f :o F(@P(x, y, z)e"?z%dz  for almost every y,
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@ Jsup 1765 )], < 417D

© 17Ge Wp S 173Dl Sor all x > 0,

(f) if f(») has Laguerre expansion S a,L%(y), then y~'2f(y) has Laguerre
expansion

D —n~2q,LEri(y).

THEOREM 4. If [Z_|f(»)|(log* |f(¥))e~vy* dy=A is finite, then there exists a
constant C, independent of f, such that

(@) Jim 7, )=/l = 0,

(b) I/l £ €1+ 4),

© 76, y) = f " F@PG,y, ez dz for almost every ,
@ [sup/x, 0| = CA+a),

) 17Ge Ml = 17 for x > 0.

These three theorems are proved in the same way that Theorems 2, 3 and 4 of
[2] were proved. The lemma of this paper is used in place of Lemma 4 of [2] and
facts from [3] about Laguerre series are used instead of the facts used in [2] about
Hermite series. The only real difference occurs in justifying the use of Lemmas 2
and 3 of [2] since a suitable partition of (0, o) with property A for the weight
function e~¥y* is needed. For this, use the intervals [2-"~%, 27", n=0, 1, 2, ...
and [n,n+1), n=1,2,.... These clearly have the three required properties for
property A, and if x is in one of these intervals, min (4x, %) is less than or equal to
half the length of the interval. Slight modifications in the rest of the proofs of
Theorems 2, 3 and 4 in [2] now complete the proof of the theorems of this
section.
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